Every abstract open Riemann surface can be made ''concrete" (in the terminology of (1)) by considering it as a covering surface (in general branched) of the complex plane SB by means of a suitable projection map p. Since this covering map is not unique, it seems natural to single out some such maps by an extremal property. The use of Riemannian metrics compatible with the conformai structure on the given surface $K for the study of $1 is well known ; from the point of view of differential geometry it suggests an investigation of the distortion caused by p between such a metric ds^ and the Euclidean metric of 28. A definition of integral or average distortion involving the square of the logarithm of the local distortion (already introduced by Nevanlinna in (6) for a proof of the Picard-Landau theorem) is used. It has the disadvantage of depending on the system of co-ordinates used on 9Î; the corresponding invariant integral involving the area-element of dsgi, however, does not exist in general-not even for the natural metrics of constant curvature.
of 9Î onto 21. For any smooth covering map p: 9? -> SB, the function f(z) = p oj -1^) is holomorphic in 2Ï and satisfies/'(2) ^ 0. Since all the surfaces §1 are "schlichtartig," §1 thus furnishes a global system of isothermic co-ordinates for 9Î, whereby we may define an "integral distortion" for any such map p, In order to make a later statement ( §3.5) independent of the co-ordinate system, we define, for an arbitrary real constant C,
DB\P, C] = (j [In 5(2) -
Cfdxdy.
In the following we restrict ourselves to the cases 21 = §I ? and 21 = §. The preceding definition yields infinite values for D z [p] in the case of g.
We offer the following suggestion for an invariant definition of distortion which is patterned after a somewhat similar situation in (2) . (By distinguishing between 3Î and 2Ï we take into account that in differential geometry a surface with a metric is generally not given by its simplest conformally equivalent representation; cf. (3) .) If k is any other one-one conformai map of 9i onto 21, then there exists a unique conformai automorphism h of 31 such that the diagram is commutative. Accordingly, relative to the new system of co-ordinates h(z) = J = £ + irj, we have
The local distortion being invariant, we find that
dxdy.
To make the measure of distortion independent of the co-ordinate system we may define
where h ranges over all conformai automorphisms of §1. The group of conformai automorphisms of 21 ff consists of the transformations f (z) = e iT z and f (z) = e iT z~l, r real; hence
Even with this simplification one can hardly compute D[p] for a general metric ds%; hence we restrict ourselves to the consideration of distortion relative to one system of co-ordinates in the annuli % q . The situation is simpler for §, since all the conformai automorphisms of this surface are of the form
3. Distortion theorems. (1) a k (r) = ~ ${z)e~Mde for ft = 0, ±1, ±2
We shall assume later that <£ is at least piecewise smooth in 6, so that it may be represented by its Fourier series. Define for all integers k the following quantities depending on the given metric of % Q : •JQ -co
and lim A n (r) = h(r).
-n n-ïco
From h n (r) < &(r) and (6), we find that
(A»(r)) n =o,i,2,... is therefore an increasing sequence of integrable real-valued functions; applying the Monotone Convergence theorem (9), we may write (6) as
The function
-oo is harmonic. Integrating V 2 <ï > = 0, we find that
where E k , F k are complex constants depending on /(z). From (7) and (8) we obtain now and using (10), we find that/' (2) is of the form
with ^0 a real constant. Since /(s) was one-valued analytic, we conclude that £0 must be an integer, (a) now follows from (9) .
Proof of (b). Writing with D independent of r and 6. Twice repeated integration by parts of (1) yields \a k (r)\ < Dk~\ k>l.
It is then easy to see that
for large k. Also, for k large enough, we have
Hence we conclude, for k sufficiently large, say k > k 0 (q),
Therefore for |z| < l/\/<Z and k > ko,
and the uniform convergence follows.
Proof of (c). The vanishing of the period J? \ z \=i g(z)dz is necessary and sufficient for f l(t)dt to be one-valued and analytic in tyt q . The rest is clear from (9) , where the variables E k , F k appear within squares multiplied by positive coefficients. Proof. From a k (r) = 0, k 9^ 0, we conclude that
COROLLARY. Suppose that y{z) = y(r). Then inequality (4) holds with
Hence g(z) = exp(Z? 0 + i\l/o)-z Ao , and jg(t)dt is one-valued analytic in §I 2 if and only if A 0 9 e -1.
3. If 7(2;) = y(r) and 4 0 = -1, then the inequality (4) cannot be sharpthat is, in this case there exists no map with minimal distortion. The righthand side of (4) may yet be, however, the greatest lower bound for the distortions of the projection maps. Knowing that for any such p = / o j, f is an analytic map such that (11) holds with E 0 an integer, we see that this question is equivalent to the following: With E 0 = Ao = -1, is it possible to choose the complex constants E k , k 9 e 0, in such a way that Since these expressions are invariant with respect to the group of conformai automorphisms of § and îl Q1 they represent essentially the only complete Riemannian metrics of constant curvature possible on these surfaces. In both cases 7(2) = y(r)\ from the calculations that follow it will become evident that <t>(r) is square-integrable so that we are justified in applying the preceding distortion theorems. We shall demonstrate the existence of minimizing conformal representations for the surfaces § and Sï ? with metrics (12) and (13) respectively by estimating A 0 in each case. Hence for large conformai modulus (i.e. q near 1: narrow annuli) the minimizing maps are similarities, but wide annuli (q small) are mapped on double-sheeted rings. Thus, surprisingly, the minimal coverings are either "schlicht" or double-sheeted, and no higher numbers of sheets occur. There is one single annulus corresponding to s = a where both simple and double covering lead to the same minimal distortion.
Proof of Theorem 4. The following proof makes use of some lemmas whose treatment is postponed to §4.4-6. Taking into account some non-elementary integrals occurring in (2) and (3) which are evaluated in §5, we obtain (15) and (16). In order to prove (17) we show first that -1/2 < xOO < 3/2 for all 5 > 0, whence A 0 is either 0 or 1. Using the expansion in partial fractions
*« = -£+ S(*TT-ÏTî)'
we rewrite (15) Proof. Because
it is sufficient to show that This can be seen from (21) 
